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Traditionally, the theory related to the spatial angular momentum has been studied completely, 
while the investigation in the generator of Lorentz boost is inadequate. In this paper we show that the 
generator of Lorentz boost has a nontrivial physical significance, it endows a charged system with an 
electric moment, and has an important significance for the electrical manipulations of electron spin in 
spintronics. An alternative treatment and interpretation for the traditional Darwin term and spin-orbit 
coupling are given.   
PACS numbers: 03.65.Ta, 71.15.Rf 
1. Introduction  
As well known, a four-dimensional (4D) angular-momentum tensor is the generator of a 
proper Lorentz transformation, where the purely spatial component, as the generator of a 
3D spatial rotation, is the spatial angular momentum. The spatial angular momentum may 
provide a charged system with a magnetic moment, and its theory has been developed well. 
In contrary to which, the generator of Lorentz boost, as the space-time component of the 4D 
angular-momentum tensor, contains time coordinate that has been a controversial issue in 
quantum mechanics. As a result, the physical meanings of the generator of Lorentz boost 
seem to be vague. For example, the conservation of the generator of Lorentz boost just 
implies that the velocity of the relativistic inertia-center of the system is a constant [1-2]. 
Nowadays, nanoelectronics is progressing rapidly [3-6]. In this paper, we will show 
that the generator of Lorentz boost may endow a charged system with an electric moment, 
and then has theoretical and applied interests in nanoelectronics. For example, the potential 
technology significance of an interaction related to the generators of Lorentz boost lies in 
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that, it may offer purely electrical ways to control and manipulation of electron spin in 
spintronics.  
In the following we apply the natural units of measurement ( c 1= == ), let the metric 
tensor  and denote 4D space-time coordinates as diag(1, 1, 1, 1)g μν = − − − ( , )x tμ = x . 
Furthermore, repeated indices must be summed according to the Einstein rule. 
2. The Generator of Lorentz boost and electric moment 
In special relativity, the concept of 3D orbital angular momentum = ×L x p  is 
extended to that of 4D orbital-angular-momentum tensor L x p x pμν μ ν ν= − μ , where the 
space-time component corresponds to the generator of Lorentz boost. Correspondingly, the 
relation between the 3D angular momentum and magnetic moment can be extended to the 
4D case.  As for a 4D electromagnetic potential ( )A xμ , in an analogous manner (see for 
example, Ref. [7]), one has 
     3 3 3
1 ( , ) 1( , ) d ( , )d ( , ) d
4π
J tA t J t J t
μ
μ μ μ′ ′ ′′ ′ ′ ′ ′ ′ ′= = +′−∫ ∫ ∫x xx x x x x xx x x x 3 ′ + ⋅⋅⋅x   (1) 
where  | | |t t c t′ = − = −x x |  ( c 1= == ), J μ  is a localized divergenceless current, which 
permits simplification and transformation of the expansion (1). Let ( )f x′  and ( )g x′  be 
well-behaved functions of ( , )x tμ′ ′= x ′
dfJ g gJ f x⋅ + ⋅ =, , 0J Jμ μ
 to be chosen below 
             ∫    (4( ) 0 ⋅ = ∂ =, ),       (2) 
where  denotes the 4D gradient operator. Similar to Ref. [7], let , f xμ=  and g xν= , 
one has 
               ,                       (3) 4( )dx J x J xμ ν ν μ+∫ 0=
and then 
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4 4d 1 d( )d ( )d
d 2 dj i jj
J x x x x J x J x
t tμ
′ ′ ′ ′ ′⋅ = − −′ ′∑∫ ∫x x μ μ ′           (4) 
It is customary to define the 4D electromagnetic-moment-density tensor 
                 1 [
2
m x J x J ]μν μ ν ν= − μ                    (5) 
with its integral as the electromagnetic moment (not a tensor)  
            31 [
2
M x J x Jμν μ ν ν μ ]d′ ′= −∫ x′ .                 (6) 
Assuming that J μ  is provided by N charged particles with momenta np mun
μ μ=  and 
charges e (n=1,2,…N, m is the rest mass, nu
μ  is the 4-velocity of the n-th particle), one has  
3 d( ) ( ) ( )
dn nn
J x eu tμ μ τδ τ′ ′ ′= − ′∑ x x              (7) 
where τ , τ ′  are the proper times. Taking t t′= , and let m′  denote the relativistic mass, 
one has  
         d(
2 2 n n n nn
e eM L x p x p
m m
μν μν μ ν ν μ )
dt
τ= = −′ ∑           (8) 
where ( )n n n n
n
L x p x pμν μ ν ν= −∑ μ  is the 4D total orbital-angular-momentum tensor.   
Therefore, in the multipole expansion of the 4D electromagnetic potential of a charged 
system, the 4D angular-momentum tensors contribute the magnetic and electric moments to 
the system. In other words, a 3D spatial angular momentum may result in a magnetic 
moment, while the generator of Lorentz boost may bring an electric moment. For these a 
heuristic understanding or an intuitive physical picture can be obtained from Ref. [8]. 
3. 4D spin-orbit tensor coupling of the electron  
The generator of Lorentz boost discussed above corresponds to the space-time 
component of a 4D orbital-angular-momentum tensor. Now, in the level of quantum 
mechanics, we will turn to the infinitesimal generator of Lorentz boost, which corresponds 
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to the space-time component of a 4D spin tensor. Consider an infinitesimal proper Lorentz 
transformation that changes 4D coordinates according to ( )x x gμ μ μν μν xνε′→ = +  
( , 0,1, 2,3μ ν = ), where μνε  is an infinitesimal antisymmetric tensor. Owing to the Lorentz 
symmetry, the Dirac field ( ) ( , )x tψ ψ= x  of the electron is transformed as  
                 i( ) ( ) (1 ) ( )
2
x x S μνμν xψ ψ ε′ ′→ = − ψ    (9) 
where the 4D spin tensor S Sμν = − νμ  of the electron is called the infinitesimal generator of 
Lorentz transformations of ( )xψ , its space component corresponds to the infinitesimal 
generator of spatial rotations, while the component with mixed spatial-temporal indices 
represents the infinitesimal generator of Lorentz boosts. Let ˆ i / ip xμμ μ= ∂ ∂ ≡ ∂  denote the 
4D momentum operator, under Eq. (9) the total variation of ( )xψ  is 
ˆ( ) ( ) i ( ) 2x x J xμνμνδψ ψ ψ ε ψ′= − = − , where ˆ ˆ ˆJ x p x p Sμν μ ν ν μ μ= − + ν  is the 4D 
total-angular-momentum tensor.  
Let 0( , )A Aμ = A  ( 0,1, 2,3μ = ) be the 4D potential of an external electromagnetic 
field ( A is the vector potential and 0 ΦA =  the scalar potential), e the unit charge, m the 
electron mass, and iD eAμ μ≡ ∂ + μ  denote the gauge covariant derivative, the Dirac 
equation of the electron in Aμ  is 
                  (i ) ( ) 0D m xμ μγ ψ− =          (10) 
where the four 4×4 Dirac matrices μγ  satisfy the algebra 2gμ ν ν μ μγ γ γ γ+ = ν , in terms of 
them the 4D spin tensor can be written as i( ) 4S μν μ ν ν μγ γ γ γ= − .  Let ijkε  denotes the 
totally anti-symmetric tensor with 123 1ε =  ( , , 1, 2,3i j k = ), one can show that 
1 2 3( , , )=Σ Σ Σ Σ  with  is the usual spin matrix (i.e. the infinitesimal 
generator of 3D spatial rotation).  As an analogy we call  as spin-like 
/ 2jki ijk Sε=Σ
01 02 03(S ,S ,S )≡Κ
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matrix (corresponds to the infinitesimal generator of Lorentz boost). In terms of the Pauli’s 
matrix vector , the spin matrix 1 2 3( , , )=σ σ σ σ Σ  and spin-like matrix  can be 
expressed as, respectively  
Κ
                
01
02
⎛ ⎞= ⎜ ⎟⎝ ⎠
σ
Σ
σ
, 
0i
02
⎛ ⎞= ⎜⎝ ⎠
σ
Κ
σ ⎟
] ( ) 0
A
       (11) 
From Eq. (10) one can give a second-order one [9]: 
                    (12)         2[D D m eS F xμ μνμ μν ψ+ + =
where F Aμν μ ν ν= ∂ − ∂ μ  is the electromagnetic field tensor. By the proper time 
x xμ μτ =  one has x xμμ μ τ τ∂ = ∂ ∂ = ∂ ∂ . Using i /D mμ μψ γ ψ=  (see Eq. (10)), 
2ia b a b a b Sμ ν μ μ νμ ν μγ γ = − μν  and the Lorentz gauge condition 0Aμμ∂ = , Eq. (12) 
becomes ( , , , 0,1, 2,3μ ν α β = ) 
              2 ˆ[ ( ) ]A
e eD D m A D S L x
m m
μ μ ν αβ
μ μ ν αβγ κ ψ+ + ∂ − =( ) 0    (13) 
where ˆ i iAL x D x D
αβ α β β≡ − α  is the 4D orbit-angular-momentum tensor with the 4D 
momentum operator ˆ ipμ μ= ∂  being replaced by i i[ i ]AD eμ μ μ Aμ μκ γ τ τ≡ ∂ ∂∂ + , ≡  is a 
matrix parameter. Eq. (13) is for the first time obtained by us. The term related to ˆAS L
αβ
αβ  
is called as the 4D spin-orbit tensor coupling, which describes the coupling between the 4D 
spin tensor and the 4D orbit-angular-momentum tensor, and includes not only the usual 3D 
spatial spin-orbit coupling, but also the interaction related to the infinitesimal generators of 
Lorentz boost.  
On other hand, let exp( i )mtψ ψ ′= − , in the approximation | i |tψ ′∂ ∂ , 
| Φ | |e m |ψ ψ′ ′  and , in term of the electric and magnetic fields | i Φ / | |Φ |t m∂ ∂ 
t= −∇Φ −∂E A , =∇×B A , Eq. (12)  (or Eq. (13)) becomes a semi-nonrelativistic 
approximation form 
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2ˆ( e )i [ Φ ]
2
e ee
t m m m
ψ ψ∂ −′ = + − ⋅ + ⋅∂
p A
Σ B Κ E ′     (14)                           
Eq. (14) may be found in other literatures, however, here we look at Eq. (14) from a 
different point of view. That is, Eq. (14) shows that the electron has a magnetic moment 
e mΣ  and an electric moment e mΚ . We refer to e mΣ  as intrinsic magnetic moment 
while e mΚ  as induced electric moment. Therefore, in terms of the concept of induced 
electric moment, an alternative treatment and interpretation for the Darwin term and the 3D 
spatial spin-orbit coupling are given. 
In a word, the spin matrix Σ , as the infinitesimal generator of 3D spatial rotation, 
provides the electron with an intrinsic magnetic moment, while the spin-like matrix , as 
infinitesimal generator of  Lorentz boost, provides the electron with an induced electric 
moment. Eqs. (13)-(14) again show that the generator of Lorentz boost has a nontrivial 
physical significance. However, let us emphasize that the so-called intrinsic or permanent 
dipole electric moment of the electron that people are searching for nowadays (in order to 
provide an interpretation for the violation of time reversal invariance) is conceptually 
distinct from the induced electric moment discussed here. The interaction between the 
induced electric moment and electric fields does not break time reversal symmetry. 
Κ
4. An example of application  
Conventionally, electronics only sensitive to electron's charge, spin degrees of freedom 
are ignored.  Spintronics, a new research field develop in recent years, is based on the up 
(↑) or down (↓) spin of carriers rather than on electrons or holes as in traditional 
semiconductor electronics, and involves the study of active control and manipulation of 
spin degrees of freedom in solid-state systems [10]. It is crucial for spintronics device 
applications to manipulate electron spins by purely electric means [11-17].  
Now we give an illustration for purely electrostatic manipulations of electron spin via 
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the degrees of freedom related to the infinitesimal generator of Lorentz boost. Let 
( T)ψ ϕ χ′ ′ ′= , where the superscript T denotes matrix transpose. Eq. (14) becomes 
             
2
2
ˆ( e )i [ ] i
2 2 2
ˆ( e )i [ ] i
2 2 2
e ee
t m m m
e ee
t m m m
ϕ ϕ χ
χ χ ϕ
⎧ ∂ −′ ′= + Φ − ⋅ + ⋅⎪⎪ ∂⎨ ∂ −⎪ ′ ′= + Φ − ⋅ + ⋅⎪ ∂⎩
p A
σ B σ ′
′
E
p A
σ B σ E
        (15) 
Let ψ ϕ χ+′ ′= + ′  and ψ ϕ χ−′ ′= − ′ , Eq. (15) becomes 
             0 1
0 1
ˆ ˆ 0ˆi
ˆ ˆ0
H H
H
t H H
ψ ψ ψ
ψ ψ ψ
+ +
− −
⎛ ⎞′ ′ +⎛ ⎞ ⎛ ⎞ ⎛∂ = = ⎜⎜ ⎟ ⎜ ⎟ ⎜⎜′ ′∂ −⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎝ ⎠
+
−
′ ⎞⎟ ⎟⎟ ′              (16) 
where 
            
2
0
ˆ( e )ˆ
2 2
eH e
m m
−= + Φ −p A σ B⋅ ,  1ˆ i 2
eH
m
= ⋅σ E       (17) 
Now, in order to emphasize the interactions related to the infinitesimal generators of 
Lorentz boost, one assumes 0=B  and 0xμ∂ ∂ =E  ( 0,1, 2,3μ = ), then 0 1ˆ ˆ[ , ] 0H H = , 
 and  have common eigenstates. In this case, one has  0Hˆ 1Hˆ
               0 0Hˆ
ψ ψεψ ψ
+ +
− −
′ ′⎛ ⎞ ⎛ ⎞=⎜ ⎟ ⎜ ⎟′ ′⎝ ⎠ ⎝ ⎠ , 1 1
Hˆ
ψ ψεψ ψ
+ +
− −
′ ′⎛ ⎞ ⎛ ⎞=⎜ ⎟ ⎜ ⎟′ ′⎝ ⎠ ⎝ ⎠           (18)                            
where, obviously, 0ε  and 1ε  are real eigenvalues. Then Eq. (16) becomes 
                   0 1
0 1
0ˆ
0
H
ε εψ ψ
ε εψ ψ
+ +
− −
′ ′−⎛ ⎞⎛ ⎞ ⎛ ⎞= ⎜⎜ ⎟ ⎜′ ′+⎝ ⎠ ⎝ ⎠⎝ ⎠⎟ ⎟
          (19) 
From Eqs. (16)-(19), one can arrival at the conclusions as follows:  
1) As , 0=E ψ+′  and ψ−′  are two degeneration states of Hˆ  with the same 
eigenvalue 0ε ; 
2) As , the eigenvalue 0≠E 0 1( )ε ε−  associated with the eigenstate ψ+′  is no longer 
equal to the eigenvalue 0 1( )ε ε+  associated with the eigenstate ψ−′ , and then the original 
two-fold degeneracy is broken by the presence of the electrostatic field E . As a result, an 
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energy-level splitting of 12ε  between the eigenstates ψ+′  and ψ−′  is produced. 
As well known, a two energy-level system is often taken as an information-carrier that 
is indispensable for information processing. For example, Spintronics is based on an 
energy-level splitting between the spin-up and spin-down states of the electron in an 
external field. Eq. (19) shows that, via the interaction associated with the infinitesimal 
generator of Lorentz boost, one can implement an electrostatic manipulation of electron 
spin. 
5. Conclusions  
Owing to the fact that space coordinates play the role of dynamical variables while 
time coordinate just plays the role of a parameter, time in quantum mechanics has been a 
controversial issue since the advent of quantum theory [18-19]. Correspondingly, the 
generator of Lorentz boost contains time coordinate such that its physical meaning seems to 
be ambiguous or trivial. As a result, traditionally the theoretical and application interests are 
mainly focused on the 3D spatial angular momentum rather than the 4D 
angular-momentum-tensor itself. In the paper, we have shown that a charged system with 
nonzero generator of Lorentz boost may have an electric moment, just as that a charged 
system with nonzero generator of spatial rotation may have a magnetic moment. Starting 
from the Dirac equation of the electron in external fields, one can generally obtain the 
coupling interaction between the 4D spin tensor and the 4D orbit-angular-momentum tensor, 
which includes the interaction related to the intrinsic magnetic moment of the electron and 
that associated with the infinitesimal generator of Lorentz boost, and they together offer all 
possible electromagnetic ways to control and manipulation of electron spin in spintronics.  
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